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NOTE 
BEPPO LEVI AND THE AXIOM OF CHOICE 
By Barbara Moss, 
University of Salford, 
Salford, England 
Writers on the history of the axiom of choice (see, for 
example, [van Heijenoort 1967, 1391) frequently cite Levi's 
paper of 1902, Intorno alla teoria degli aggregati, as the 
first published use of the axiom, which had been rejected by 
Peano in 1890, and which was to leap to the attention of 
mathematicians with the publication in 1904 of Zermelo's 
proof of the well-ordering theorem. 
These citations tend to give a misleading impression of 
the content and emphasis of Levi's paper. Levi did not believe 
in the axiom of choice. Indeed, he contested the legitimacy 
of two related principles: the well-ordering principle, 
asserted by Cantor, and "a new assumption...which seems to 
me to derive basically from the same well-ordering principle, 
albeit in a disguised form" [Levi 1902, 8631. This is the claim, 
made in F. Bernstein's "talented and interesting thesis" 
[Bernstein 19011, that if a set A is partitioned into disjoint 
subsets s, the collection s of these subsets has cardinality 
less than or equal to that of A, which Bernstein uses to prove 
that the set of closed sets of real numbers has the power 
of the continuum. It is in discussing Bernstein's proposition, 
which he considers "illegitimate to assume without further proof" 
[Levi 1902, 8641, that Levi points out that such a proof would 
follow, not only if A were well-ordered, but also if there 
existed a choice function for A. 
Thus Levi proves this cardinality result in the case that 
A is well-ordered; s may then be mapped univocally onto the 
set of first elements of its members, which is a subset of A, 
so that the cardinality of s cannot be greater than that of A, 
and he further observes: "The proof may also be applied without 
alteration to any case.. .where we can distinguish in a 
univocal manner one element from each set S" [Levi 1902, 8641. 
Although Levi recognizes that in this particular application a 
choice function could be used instead of a well-ordering rela- 
tion, the general tone of his argument makes it plain that he 
would dispute the principle that such a function exists for all 
collections of sets. 
The second section of the paper is devoted to a new proof 
of one of Bernstein's results: that the aggregate of closed 
sets has the power of the continuum. Levi regards this proposi- 
tion as important for our understanding of the continuum and 
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therefore seeks a proof which is not based on arguments which 
he believes to be suspect, such as those used by Bernstein. 
Levi's proof rests on the Cantor-Bendixson theorem that 
every closed set is the union of a perfect set and a countable 
set, and on the proposition that the union, indexed over the 
continuum of countable sequences of real numbers has the power 
of the continuum. The latter theorem (for countable sequences, 
though not for countable sets) is independent of the axiom of 
choice [Sierpifiski 1918, 2201, but all the early proofs of the 
Cantor-Bendixson theorem used a result which does depend on the 
axiom: that the union of a countable number of countable sets 
is countable [Sierpibski 1918, 2321. (An independent proof was 
given in [Sierpifiski 19171.) 
Although Levi's paper contains no reference to an axiom 
or principle of choice, there is some evidence that he considered 
and rejected such a principle: 
About 1901 G. Cantor and F. Bernstein tried to 
construct a one-to-one correspondence between the 
continuum and the set of all denumerable order- 
types.... When they met with an insurmountable 
difficulty B. Levi proposed to solve the difficulty 
by introducing the principle of choice which he 
formulated in a general form. 
[Fraenkel and Bar-Hillel 1958, 48; quoting 
a letter from F. Bernstein] 
If Bernstein's remark is correct, then Levi must have 
concluded, before writing his paper, that this principle was 
no better founded than those employed by Cantor and Bernstein, 
a conclusion fully justified by Zermelo's derivation of the 
well-ordering principle from the axiom of choice, which on his 
account was already "applied, without hesitation, everywhere in 
mathematical deduction" [Zermelo 1904, 5161. 
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